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DERIVED PICARD GROUPS OF FINITE DIMENSIONAL
HEREDITARY ALGEBRAS
JUN-ICHI MIYACHI AND AMNON YEKUTIELI
Abstract. Let A be a finite dimensional algebra over a field k. The derived
Picard group DPick(A) is the group of triangle auto-equivalences of D
b(modA)
induced by two-sided tilting complexes.
We study the group DPick(A) when A is hereditary and k is algebraically
closed. We obtain general results on the structure of DPick(A), as well as
explicit calculations for many cases, including all finite and tame representation
types.
Our method is to construct a representation of DPick(A) on a certain in-
finite quiver ~Γirr. This representation is faithful when the quiver ~∆ of A is a
tree, and then DPick(A) is discrete. Otherwise a connected linear algebraic
group can occur as a factor of DPick(A).
When A is hereditary, DPick(A) coincides with the full group of k-linear
triangle auto-equivalences of Db(modA). Hence we can calculate the group of
such auto-equivalences for any triangulated category D equivalent to
Db(modA). These include the derived categories of piecewise hereditary alge-
bras, and of certain noncommutative spaces introduced by Kontsevich-Rosen-
berg.
0. Introduction and Statement of Results
Let k be a field and A an associative unital k-algebra. We write ModA for the
category of left A-modules, and Db(ModA) for the bounded derived category. Let
A◦ be the opposite algebra and Ae := A ⊗k A
◦ the enveloping algebra, so that
ModAe is the category of k-central A-A-bimodules.
A two-sided tilting complex a complex T ∈ Db(ModAe) for which there exists
another complex T∨ ∈ Db(ModAe) satisfying T∨ ⊗LA T
∼= T ⊗LA T
∨ ∼= A. This
notion is due to Rickard [Rd]. The derived Picard group of A (relative to k) is
DPick(A) :=
{two-sided tilting complexes T ∈ Db(ModAe)}
isomorphism
with identity element A, product (T1, T2) 7→ T1 ⊗
L
A T2 and inverse T 7→ T
∨ :=
RHomA(T,A). See [Ye] for more details.
Since every invertible bimodule is a two-sided tilting complex, DPick(A) contains
the (noncommutative) Picard group Pick(A) as a subgroup. It also contains a
central subgroup 〈σ〉 ∼= Z, where σ is the class of the two-sided tilting complex A[1].
In [Ye] we showed that when A is either local or commutative one has DPick(A) =
Pick(A) × 〈σ〉. This was discovered independently by Rouquier-Zimmermann [Zi],
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[RZ]. On the other hand in the smallest example of a k-algebra A that is neither
commutative nor local, namely the 2 × 2 upper triangular matrix algebra, this
equality fails. These observations suggest that the group structure of DPick(A)
should carry some information about the geometry of the noncommutative ring A.
This prediction is further motivated by another result in [Ye], which says that
DPick(A) classifies the dualizing complexes over A. The geometric significance of
dualizing complexes is well known (cf. [RD] and [YZ]).
From a broader perspective, DPick(A) is related to the geometry of noncom-
mutative schemes on the one hand, and to mirror symmetry and deformations of
(commutative) smooth projective varieties on the other hand. See [BO], [Ko], [KR]
and [Or].
A good starting point for the study of the group DPick(A) is to consider finite
dimensional k-algebras. The geometric object associated to a finite dimensional k-
algebra A is its quiver ~∆, as defined by Gabriel (cf. [GR] or [ARS]). It is worthwhile
to note that from the point of view of noncommutative localization theory (cf. [MR]
Section 4.3) ~∆ is the link graph of A. More on this in Remark 1.2.
Some calculations of the groups DPick(A) for finite dimensional algebras have
already been done. Let us mention the work of Rouquier-Zimmermann [RZ] on
Brauer tree algebras, and the work of Lenzing-Meltzer [LM] on canonical algebras.
In this paper we present a systematic study the group DPick(A) when A is a finite
dimensional hereditary algebra over an algebraically closed field k. We obtain general
results on the structure of DPick(A), as well as explicit calculations. These results
carry over to piecewise hereditary algebras, as well as to certain noncommutative
schemes. The rest of the Introduction is devoted to stating our main results.
The group Autk(A) = AutAlg k(A) of k-algebra automorphisms is a linear alge-
braic group over k, via the inclusion into AutMod k(A) = GL(A). This induces a
structure of linear algebraic group on the quotient Outk(A) of outer automorphisms.
We denote by Out0k(A) the identity component of Outk(A).
Recall that A is a basic k-algebra if A/r ∼= k × · · · × k, where r is the Jacobson
radical. For a basic algebra one has Outk(A) = Pick(A). A hereditary basic algebra
A is isomorphic to the path algebra k~∆ of its quiver. An algebra A is indecomposable
iff the quiver ~∆ is connected.
For Morita equivalent k-algebras A and B one has DPick(A) ∼= DPick(B), and
the quivers of A and B are isomorphic. According to a result of Brauer (see [Po]
Section 2) one has Out0k(A)
∼= Out0k(B). If A
∼=
∏n
i=1Ai then DPick(A)
∼= G ⋉∏n
i=1DPick(Ai), where G ⊂ Sn is a permutation group (cf. [Ye] Lemma 2.6). Also
~∆(A) ∼=
∐ ~∆(Ai) and Out0k(A) ∼= ∏Out0k(Ai). Since the main result Theorem 0.1
is stated in terms of ~∆ and Out0k(A), we allow ourselves to assume throughout that
A is a basic indecomposable algebra.
Given a quiver ~Q we denote by ~Q0 its vertex set. For a pair of vertices x, y ∈ ~Q0
we write d(x, y) for the arrow-multiplicity, i.e. the number of arrows α : x→ y. Let
Aut( ~Q0) be the permutation group of ~Q0, and let Aut( ~Q0; d) be the subgroup of
arrow-multiplicity preserving permutations, namely
Aut( ~Q0; d) = {π ∈ Aut( ~Q0) | d(π(x), π(y)) = d(x, y) for all x, y ∈ ~Q0}.
Write Aut( ~Q) for the automorphism group of the quiver ~Q. Then Aut( ~Q0; d)
is the image of the canonical homomorphism Aut( ~Q) → Aut( ~Q0). The surjection
Aut( ~Q)։ Aut( ~Q0; d) is split, and it is bijective iff ~Q has no multiple arrows.
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Of particular importance to us is a certain countable quiver ~Γirr. This is a full
subquiver of the Auslander-Reiten quiver ~Γ(Db(modA)) of Db(modA) as defined by
Happel [Ha]. Here modA is the category of finitely generated A-modules. If A has
finite representation type (i.e. ~∆ is a Dynkin quiver) then ~Γirr ∼= ~Z~∆, where ~Z~∆ is
the quiver introduced by Riedtmann [Rn]. Otherwise ~Γirr ∼= Z×~Z~∆. See Definitions
2.2 and 2.3 for the definition of the quivers ~Γirr and ~Z~∆, and see Figures 3 and 4
for illustrations. The group DPick(A) acts on ~Γ
irr
0 by arrow-multiplicity preserving
permutations, giving rise to a group homomorphism q : DPick(A)→ Aut(~Γ
irr
0 ; d).
Define the bimodule A∗ := Homk(A, k). Then A
∗ is a two-sided tilting complex,
the functor M 7→ A∗ ⊗LA M
∼= RHomA(M,A
∗) is the Serre functor of Db(modA)
in the sense of [BK], and M 7→ A∗[−1] ⊗LA M is the translation functor in the
sense of [Ha] Section I.4. We write τ ∈ DPick(A) for the element represented by
A∗[−1]. Then τ is translation of the quiver ~Γirr. Let us denote by Aut(~Γirr0 ; d)
〈τ,σ〉
the subgroup of Aut(~Γirr0 ; d) consisting of permutations that commute with τ and
σ.
Here is the main result of the paper.
Theorem 0.1. Let A be an indecomposable basic hereditary finite dimensional al-
gebra over an algebraically closed field k, with quiver ~∆.
1. There is an exact sequence of groups
1→ Out0k(A)→ DPick(A)
q
−→ Aut(~Γirr0 ; d)
〈τ,σ〉 → 1.
This sequence splits.
2. If A has finite representation type then there is an isomorphism of groups
DPick(A) ∼= Aut(~Z~∆)〈τ〉.
3. If A has infinite representation type then there is an isomorphism of groups
DPick(A) ∼=
(
Aut((~Z~∆)0; d)〈τ〉 ⋉Out0k(A)
)
× Z.
The factor Z of DPick(A) in part 3 is generated by σ. If ~∆ has no multiple arrows
then so does ~Z~∆, and hence Aut((~Z~∆)0; d) = Aut(~Z~∆). The proof of Theorem 0.1
is in Section 3 where it is stated again as Theorem 3.8.
Recall that a finite dimensional k-algebra B is called piecewise hereditary of type
~∆ if Db(modB) ≈ Db(modA) where A = k~∆ for some finite quiver ~∆ without
oriented cycles. By [Rd] Corollary 3.5 one knows that DPick(B) ∼= DPick(A). The
next corollary follows.
Corollary 0.2. Suppose B is a piecewise hereditary k-algebra of type ~∆. Then
DPick(B) is described by Theorem 0.1 with A = k~∆.
In Section 4 we work out explicit descriptions of the groups Pick(A) and DPick(A)
for the Dynkin and affine quivers, as well as for some wild quivers with multiple
arrows. As an example we present below the explicit description of DPick(A) for a
Dynkin quiver of type An (which corresponds to upper triangular n× n matrices).
The corollary is extracted from Theorem 4.1.
Corollary 0.3. Suppose ~∆ is a Dynkin quiver of type An and A = k~∆. Then
DPick(A) is an abelian group generated by τ and σ, with one relation
τn+1 = σ−2.
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The relation τn+1 = σ−2 was already discovered by E. Kreines (cf. [Ye] Ap-
pendix). This relation has been known also to Kontsevich, and in his terminology
Db(modA) is “fractionally Calabi-Yau of dimension n−1
n+1” (see [Ko]; note that the
Serre functor is τσ).
Suppose D is a k-linear triangulated category that’s equivalent to a small cat-
egory. Denote by Outtrk (D) the group of k-linear triangle auto-equivalences of
D modulo functorial isomorphisms. For a finite dimensional algebra A one has
DPick(A) ⊂ Out
tr
k (D
b(modA)), with equality when A is hereditary (cf. Corollary
1.9).
In [KR] Kontsevich-Rosenberg introduce the noncommutative projective space
NPnk , n ≥ 1. They state that D
b(CohNPnk ) is equivalent to D
b(mod k~Ωn+1), where
~Ωn+1 is the quiver in Figure 6, and CohNP
n
k is the category of coherent sheaves.
By Beilinson’s results in [Be], there is an equivalence Db(CohP1k) ≈ D
b(mod k~Ω2).
Combining Theorem 4.3 and Corollary 1.9 we get the next corollary.
Corollary 0.4. Let X be either NPnk (n ≥ 1) or P
n
k (n = 1). Then
Outtrk (D
b(CohX)) ∼= Z×
(
Z ⋉ PGLn+1(k)
)
.
In Section 5 we look at a tree ∆ with n vertices. Every orientation ω of ∆ gives a
quiver ~∆ω. The equivalences between the various categories D
b(mod k~∆ω) form the
derived Picard groupoid DPick(∆). The subgroupoid generated by the two-sided
tilting complexes of [APR] is called the reflection groupoid Ref(∆). We show that
there is a surjection Ref(∆) ։ W (∆), where W (∆) ⊂ GLn(Z) is the Weyl group
as in [BGP]. We also prove that for any orientation ω, Ref(∆)(ω, ω) = 〈τω〉 where
τω ∈ DPick(Aω) is the translation.
Acknowledgments. We wish to thank A. Bondal, I. Reiten and M. Van den
Bergh for very helpful conversations and correspondences. Thanks to the referee
for suggestions and improvements to the paper. Some of the work on the paper
was done during visits to MIT and the University of Washington, and we thank the
departments of mathematics at these universities for their hospitality. The second
author was supported by the Weizmann Institute of Science throughout most of
this research.
1. Conventions and Preliminary Results
In this section we fix notations and conventions to be used throughout the paper.
This is needed since there are conflicting conventions in the literature regarding
quivers and path algebras. We also prove two preliminary results.
Throughout the paper k denotes a fixed algebraically closed field. Our notation
for a quiver is ~Q = ( ~Q0, ~Q1); ~Q0 is the set of vertices, and ~Q1 is the set of arrows.
For x, y ∈ ~Q0, d(x, y) denotes the number of arrows x→ y.
In this section the letter A denotes a k-linear category that’s equivalent to a small
full subcategory of itself (this assumption avoids some set theoretical problems).
Let us write Autk(A) for the class of k-linear auto-equivalences of A. Then the set
Outk(A) =
Autk(A)
functorial isomorphism
(1.1)
is a group.
Suppose A is a k-linear additive Krull-Schmidt category (i.e. dimk HomA(M,N)
<∞ and all idempotents split). We define the quiver ~Γ(A) of A as follows: ~Γ0(A)
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is the set of isomorphism classes of indecomposable objects of A. For two vertices
x, y there are d(x, y) arrows α : x → y, where we choose representatives Mx ∈ x,
My ∈ y, Irr(Mx,My) = rad(Mx,My)/ rad
2(Mx,My) is the space of irreducible
morphisms and d(x, y) := dimk Irr(Mx,My). See [Rl] Section 2.2 for full details.
If A is a k-linear category (possibly without direct sums) we can embed it in the
additive category A × N, where a morphism (x,m) → (y, n) is an n × m matrix
with entries in A(x, y) = HomA(x, y). Of course if A is additive then A ≈ A×N. If
A× N is Krull-Schmidt then we shall write ~Γ(A) for the quiver ~Γ(A× N).
Let ~Q be a quiver. Assume that for every vertex x ∈ ~Q0 the number of arrows
starting or ending at x is finite, and for every two vertices x, y ∈ ~Q0 there is only
a finite number of oriented paths from x to y. Let k〈 ~Q〉 be the path category,
whose set of objects is ~Q0, the morphisms are generated by the identities and the
arrows, and the only relations arise from incomposability of paths. Observe that this
differs from the definition in [Rl], where the path category corresponds to k〈 ~Q〉×N
in our notation. The morphism spaces of k〈 ~Q〉 are Z-graded, where the arrows
have degree 1. If I ⊂ k〈 ~Q〉 is any ideal contained in rad2
k〈~Q〉
=
⊕
n≥2 k〈
~Q〉n, and
k〈 ~Q, I〉 := k〈 ~Q〉/I is the quotient category, then the additive category k〈 ~Q, I〉 × N
is Krull-Schmidt, and the quiver of k〈 ~Q, I〉 is ~Γ(k〈 ~Q, I〉) = ~Q.
Let A be a finite dimensional k-algebra. In representation theory there are three
equivalent ways to define the quiver ~∆ = ~∆(A) of A. The set ~∆0 enumerates either
a complete set of primitive orthogonal idempotents {ex}x∈~∆0, as in [ARS] Section
III.1; or it enumerates the simple A-modules {Sx}x∈~∆0, as in [Rl] Section 2.1; or it
enumerates the indecomposable projective A-modules {Px}x∈~∆0, as in [Rl] Section
2.4. The arrow multiplicity is in all cases
d(x, y) = dimk ex(r/r
2)ey = dimk Ext
1
A(Sy, Sx) = dimk IrrprojA(Px, Py).
Here r is the Jacobson radical and projA is the category of finitely generated pro-
jective modules, which is Krull-Schmidt. Observe that the third definition is just
~∆(A) = ~Γ(projA).
Remark 1.2. The set ~∆0 also enumerates the prime spectrum of A, SpecA ∼=
{px}x∈~∆0. One can show that r/r
2 ∼=
⊕
x,y∈~∆0
(px ∩ py)/pxpy as A-A-bimodules.
This implies that d(x, y) > 0 iff there is a second layer link px  py (cf. [MR]
Section 4.3.7). Thus if we ignore multiple arrows, the quiver ~∆ is precisely the link
graph of A.
Recall that a translation τ is an injective function from a subset of ~Q0, called
the set of non-projective vertices, to ~Q0, such that d(τ(y), x) = d(x, y). ~Q is a
stable translation quiver if it comes with a translation τ such that all vertices are
non-projective. A polarization µ is an injective function defined on the set of arrows
β : x→ y ending in non-projective vertices, with µ(β) : τ(y)→ x. Cf. [Rl] Section
2.2.
Notation 1.3. Suppose the quiver ~Q has a translation τ and a polarization µ.
Given a non-projective vertex y ∈ ~Q0 let x1, . . . , xm be some labeling, without
repetition, of the set of vertices {x | there is an arrow x → y} . Correspondingly
label the arrows βi,j : xi → y and αi,j : τ(y) → xi, where i = 1, . . . ,m; j =
1, . . . , di = d(xi, y); and αi,j = µ(βi,j). The mesh ending at y is the subquiver with
vertices {τ(y), xi, y} and arrows {αi,j , βi,j}.
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Figure 1. The mesh ending at the vertex y when di = 1.
If ~Q has no multiple arrows then di = 1 and the picture of the mesh ending at
y is shown in Figure 1.
The mesh relation at y is defined to be
m∑
i=1
di∑
j=1
βi,jαi,j ∈ Homk〈 ~Q〉
(
τ(y), y
)
.(1.4)
It is a homogeneous morphism of degree 2.
Definition 1.5. Let Im be the mesh ideal in the category k〈 ~Q〉, i.e. the two sided
ideal generated by the mesh relations (1.4) where y runs over all non-projective
vertices. The quotient category
k〈 ~Q, Im〉 := k〈 ~Q〉/Im
is called the mesh category.
Observe that in [Rn], [Rl] and [Ha] the notation for k〈 ~Q, Im〉 is k( ~Q).
Now let ~∆ be a finite quiver without oriented cycles and A = k~∆ the path
algebra. Our convention for the multiplication in A is as follows. If x
α
−→ y and
y
β
−→ z are paths in ~∆, and if x
γ
−→ z is the concatenated path, then γ = αβ in A.
We note that the composition rule in the path category k〈~∆〉 is opposite to that in
A, so that
⊕
x,y Homk〈~∆〉(x, y) = A
◦.
For every x ∈ ~∆0 let ex ∈ A be the corresponding idempotent, and let Px = Aex
be the indecomposable projective A-module. So {Px}x∈~∆0 is a set of representatives
of the isomorphism classes of indecomposable projective A-modules. Define P ⊂
modA to be the full subcategory on the objects {Px}x∈~∆0. Then P × N ≈ projA
and ~∆ ∼= ~Γ(P) ∼= ~Γ(projA).
There is an equivalence of categories k〈~∆〉
≈
−→ P that sends x 7→ Px, and an
arrow α : x → y goes to the right multiplication Px = Aex
α
−→ Py = Aey. We will
identify P and k〈~∆〉 in this way.
Recall that the automorphism group Autk(A) is a linear algebraic group. Let H
be the closed subgroup
H := {F ∈ Autk(A) | F (ex) = ex for all x ∈ ~∆0}.
Lemma 1.6. H is connected.
